When a flow is not allowed to be reoriented the Maximum Residual Flow Problem with k-Arc Destruction is known to be N P -hard for k = 2. We show that when a flow is allowed to be adaptive the problem becomes polynomial for every fixed k.
Introduction and motivation
The Maximum Residual Flow Problem with Arc Destruction is posed as follows. Given a directed network G and a positive integer k find a maximum flow such that when k arcs are deleted from G the value of a maximum flow in the residual network is maximum. Aneja et al. [2] and Du et al. [4] studied this problem when the flow cannot be reoriented. In [2] it is proved that the problem is polynomial time solvable for k = 1 whereas it is proved to be N P -hard for k = 2 in [4] . The Adaptive Maximum Flow Problem was first adressed by Bertsimas et al. in [3] as an alternative to the robust maximum flow problem. In this model, the flow can be adjusted after the arc failures occurred: the residual flow is the maximum flow in the network where the destroyed arcs are removed and where the capacity in each remaining arc equals the original flow of that arc. As described in [3] this adaptability is motivated by the pipeline applications where it is conceivable in practice to reroute the flow after the arc failures have occurred. In this note we are concerned with the Adaptative Maximum Residual Flow Problem, that is the maximum Residual Flow Problem with Arc Destruction when the flow can be reoriented. This problem is shown to be N P -hard when the number of arc destructions is a part of the instance [3] . We show that contrary to the case where the flow cannot be reoriented the Adaptative Maximum Residual Flow with k-Arc Destruction Problem is polynomial time solvable for any fixed k. The paper is organized as follows: the notations and the definition of the Adaptive Maximum Residual Flow with k-Arc Destruction Problem (k-AMRFP ) are given in the next section. In section 3 we prove that k-AMRFP is polynomial when the number of arc destructions is fixed. This is done by using a linear programming formulation. We conclude and give some open questions in Section 4.
Notations and Definitions
Let G = (V, A, c) be a directed network with nonnegative capacities on arcs c : A → R, |V | = n vertices and |A| = m arcs. Let M be the n × m incidence matrix of G. Let s, t ∈ V be the source and the sink of G, respectively. For convenience A contains the dummy arc (t, s) with unbounded capacity c ts = ∞. Let ϕ : A → R be a (feasible) flow from s to t that satisfies both the capacity constraints and the flow conservation: 0 ≤ ϕ ≤ c and M · ϕ = 0. Let ϕ ts be the value of ϕ. We say that the flow ϕ is maximum if its value ϕ ts is maximal. The reader is referred to [1] 
) be the residual network obtained from G by deleting the failing arcs. Let ϕ be a maximum flow for G. Then ϕ ′ is an adaptive flow for G ′ with respect to ϕ if for each arc of A \ A ′ the quantity over it is no more than in ϕ: M ′ · ϕ ′ = 0 and 0 ≤ ϕ ′ ≤ ϕ ≤ c. Let k be a positive integer. We consider that the number of destroyed arcs is fixed to k, and that A ′ can be any subset of k arcs. Then the problem k-AMRFP is defined as follows: The k-AMRFP can be formulated as a two-person game, where a defender computes a feasible flow ϕ, the attacker then deletes k edges, the defender finally computes ϕ ′ a maximum adaptive flow in the remaining network. The objective of the defender is min ϕ max
A polynomial size linear program for k-Arc Destruction
We show how k-AMRFP can be formulated as a linear program. Suppose the arcs of G are labeled a 1 , . . . , a m , a m+1 , with a m+1 the dummy arc (t, s). Thus in M the n × (m + 1) incidence matrix of the network G the column i corresponds to a i . Let A = {A 1 , . . . , A ( 
It is straightforward to verify that k-AMRFP is modeled as the following integer program. 
Conclusion and discussion
We proved that contrary to the non reoriented case the adaptive residual flow problem is polynomial when k the number of destructed arcs is fixed. This is done using linear programming.
A challenging problem is to find a polynomial time combinatorial algorithm to solve this problem. A natural way to reach this goal is to try to adapt one of the classical maximum flow algorithms (see [1] for such algorithms). The following example tries to explain why this task does not seem to be easy. Let G be the network with three vertices s, v, t with b arcs of capacity 1 from the source s to v and two arcs of capacity b between v to the sink t. Consider the problem with k = 1 arc destruction. The flow ϕ where there is 1 unit of flow for all the (s, v) arcs and b/2 units of flow for the two (v, t) arcs is an optimal solution of k-AMRFP. Since k = 1 the problem consists in finding a maximum flow where the maximal value of a flow through an arc is minimal (see [2] ). This flow can be found by the algorithm given in [2] which uses a Newton's method. It seems that this algorithm cannot be generalized for k ≥ 2. A second difficulty is the following: most of the standard combinatorial algorithms for maximum flows based on the structure of G give either a flow φ 1 where one of the two (v, t) arcs has a flow b and the second has a flow null or a flow φ 2 with the opposite flows in the two (v, t) arcs. In our example the optimal solution ϕ consists of a linear convex combination of both φ 1 and φ 2 : ϕ = Other open problems concern several complexity aspects of the Adaptive Maximum Flow Problem: as noted by Bertsimas et al. [3] determining ϕ ′ ts , the maximum value of a residual flow, is N P -hard. However building an optimal initial flow (among the maximum flows) may be an easier problem if we do not include the value of the associated residual flow in the solution. The same kind of difficulties occur concerning the parameterized complexity.
